Pulsatile flow of blood in narrow tapered arteries with mild overlapping stenosis in the presence of periodic body acceleration is analyzed mathematically, treating it as two-fluid model with the suspension of all the erythrocytes in the core region as non-Newtonian fluid with yield stress and the plasma in the peripheral layer region as Newtonian. The non-Newtonian fluid with yield stress in the core region is assumed as i Herschel-Bulkley fluid and ii Casson fluid. The expressions for the shear stress, velocity, flow rate, wall shear stress, plug core radius, and longitudinal impedance to flow obtained by Sankar 2010 for two-fluid Herschel-Bulkley model and Sankar and Lee 2011 for two-fluid Casson model are used to compute the data for comparing these fluid models. It is observed that the plug core radius, wall shear stress, and longitudinal impedance to flow are lower for the two-fluid H-B model compared to the corresponding flow quantities of the two-fluid Casson model. It is noted that the plug core radius and longitudinal impedance to flow increases with the increase of the maximum depth of the stenosis. The mean velocity and mean flow rate of two-fluid H-B model are higher than those of the two-fluid Casson model.
Introduction
Atherosclerosis is an arterial disease in humans, which leads to the malfunctioning of the cardiovascular system 1 . The intimal thickening of an artery is the initial stage in the progression of atherosclerosis 2-4 . The lumen of the arteries is narrowed by the development of atherosclerotic plaques that protrude into the lumen, resulting in stenosed arteries. The wall of the artery is stiffened by the growth of plaque with a lipid core and a fibromuscular cap and narrowing of lumen of the artery by the deposit of fats, lipids, cholesterol, and so forth 5 . Stenoses in different shapes are formed in the arterial lumen 
Two-Fluid Herschel-Bulkley (H-B) Model

Governing Equations and Boundary Conditions
The geometry of the artery as shown in Figure 1 is mathematically defined as follows 29 where R z, t , R 1 z, t are the radius of the tapered stenosed arterial segment in the peripheral layer region and core region, respectively; r 0 is the radius of the artery in the normal region; ψ and m tan ψ are the angle of tapering and slope of the tapered vessel respectively; d is the location of the stenosis; 3L 0 /2 is the length of the stenosis; δ P cos ψ, δ C cos ψ are the critical heights of the overlapping stenosis in the peripheral layer region and core region, respectively; δ C αδ P , a 1 t is the time variant parameter; b is a constant; ω 2πf P is the angular frequency with f P as the pulse frequency. Length of the arterial segment is taken to be of finite length L. It has been reported that the radial velocity is negligibly small and can be neglected for a low Reynolds number flow in a narrow artery with mild stenosis. The momentum equations governing the blood flow in the axial and radial directions simplify respectively to 33 as follows: 
2.8
Since the blood flow in arteries is due to the applied pressure gradient due to the pumping action of the heart and is highly pulsatile, it is appropriate to assume the pressure gradient as the following periodic function of z and t 16, 20 . where a 0 is the amplitude, ω b 2πf b , f b is the frequency in Hz and is assumed to be small so that the wave effect can be neglected 20 , and φ is the lead angle of F t with respect to the heart action.
Nondimensionalization
Let us introduce the following nondimensional variables:
2.11
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, which has the dimension as that of the Newtonian fluid's viscosity, α H is the pulsatile Reynolds number or generalized Wormersly frequency parameter, and when n 1, we get the Wormersly frequency parameter α N of the Newtonian fluid. Applying 2.11 into 2.1 -2.2 , one can get the nondimensional form of the equations for the geometry of the tapered stenosed arterial segment as follows:
where
2.13
Using the above nondimensional variables in 2.3 and 2.5 -2.7 , we obtain
The boundary conditions in dimensionless form are τ H is finite at r 0, 
2.19
The volumetric flow rate Q in nondimensional is given by
where Q Q/ πR 4 0 A 0 /8μ 0 and Q is the volume flow rate.
Perturbation Method of Solution
As 2.14 -2.18 form a system of nonlinear partial differential equations, it is not possible to obtain the exact solution to it. Perturbation method is applied to solve this system of differential equations with the boundary conditions 2.19 . Since, the present study deals with the slow flow of blood low Reynolds number flow where the effect of pulsatile Reynolds numbers α H and α N are negligibly small and also they occur naturally in the nondimensional form of the momentum equation, it is more appropriate to expand the unknowns u H , u N , τ H , and τ N in 2.14 and 2.18 in the perturbation series about α 
2.21
Similarly, we can expand τ P , τ H and R P in powers of α 
2.23
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2.26
On solving the system of differential equations 2. 
2.27
where g t 1 e cos t B cos ωt φ , D 1/g t dg t /dt , and q 2 θ/g t . The expression for wall shear stress τ w is obtained as follows see 33 for detail :
2.28
The expression for the volume flow rate is obtained as follows for detail see 33 : 
2.29
The expression for plug core radius is obtained as follows detail of obtaining this expression is given in 33 :
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The resistance to flow in the artery is given by
when R 1 R; the present model reduces to the single-fluid H-B model and in this case, the expressions obtained in the present model for velocity, shear stress, wall shear stress, flow rate, and plug core radius are in good agreement with those of Sankar and Ismail 14 .
Two-Fluid Casson Fluid Model
Governing Equations and Boundary Conditions
Equations 2.1 -2.2 which mathematically define the geometry of the tapered artery with overlapping stenosis are assumed in this subsection. The momentum equations governing the flow in the core region and peripheral layer region simplify to 34
where the shear stress τ |τ rz | −τ rz since τ τ C or τ τ N ; τ C and τ N are the shear stress of the fluid in the core region Casson fluid and peripheral layer region Newtonian fluid , respectively; u C and u N are the axial velocity of the fluid in the core region and peripheral layer region, respectively; ρ C and ρ N are the densities of the Casson fluid and Newtonian fluid, respectively; p is the pressure; t is the time. Equations 2.9 and 2.10 which define mathematically the body acceleration term F t and pressure gradient − ∂p/∂z are assumed in this subsection. The constitutive equations of the fluids in motion in the core region Casson fluid and peripheral layer region Newtonian fluid are
2.35
Abstract and Applied Analysis 15 where τ y is the yield stress; R P is the plug core radius; μ C and μ N are the viscosities of the Casson fluid and Newtonian fluid, respectively. The appropriate boundary conditions of the two-fluid flow are τ C is finite, ∂u C ∂r 0 at r 0,
2.36
Nondimensionalization
2.37
where α C and α N are the pulsatile Reynolds numbers of the Casson fluid and Newtonian fluid, respectively. Using the nondimensional variables in the momentum equations 2.32 and 2.33 and the constitutive equations 2.35 , the simplified form of these equations can be obtained respectively as follows:
39
Using the nondimensional variables, the boundary conditions become
u N 0 at r R.
2.43
Equations 2.12 -2.13 which mathematically defines the nondimensional form of the geometry of the segment of the tapered artery with overlapping stenosis is assumed in this subsection.
The nondimensional volume flow rate Q is given by
where Q Q/ πR 4 0 A 0 /8μ C ; Q is the volume flow rate.
Perturbation Method of Solution
As it is not possible to find an exact solution to the system of nonlinear partial differential equations 2.38 -2.42 , perturbation method is applied to obtain the asymptotic solution to the unknowns u C , u N , τ C , and τ N . Since, the present study deals with the slow flow of blood low Reynolds number flow where the effect of pulsatile Reynolds numbers α C and α N are negligibly small and also they occur naturally in the nondimensional form of the momentum equation, it is appropriate to expand 2.38 -2.42 in the perturbation series about α 
2.45
Similarly, one may expand u N , τ P , τ C , τ N , and the plug core radius R P in the perturbation series about α 
2.46
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Applying the perturbation series expansions of u C and τ C in 2.40 and then equating the constant terms and α 2 C terms, the constitutive equation of the core region simplifies to
2.47
Similarly, substituting the perturbation series expansions of u N and τ N in 2.39 and then equating the constant terms and α 2 N terms, the momentum equation of the peripheral region decomposes to ∂ ∂r rτ 0N 2 1 e sin t B cos ωt φ r,
2.48
Applying the perturbation series expansions of u N and τ N in 2.42 and then equating the constant terms and α 2 N terms, the constitutive equation of the peripheral region reduces to
2.49
Using the perturbation series expansions of u C , u N , τ C , and τ N in 2.43 and then equating the constant terms and α 2 C and α 2 N terms, one can obtain τ 0P and τ 1P are finite at r 0, 
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2.52
The expression for volume flow rate is obtained as follows see 34 for detail :
2.53
The expression for the plug core radius R P can be obtained as follows see 34 for details :
2.54
The longitudinal impedance to flow is given by
2.55
When R 1 R, the present model reduces to the single-fluid Casson model and in this case, the expressions obtained in the present model for velocity, shear stress, wall shear stress, flow rate, and plug core radius are identical with those of Nagarani and Sarojamma 16 .
Numerical Simulation of the Results
The objective of the present mathematical analysis is to compare the two-fluid H-B and Casson models for blood flow in narrow tapered arteries with mild overlapping stenosis and bring out the advantageous of using the two-fluid H-B fluid model rather than the twofluid Casson fluid. It is also aimed to bring out the effects of body acceleration, tapering of the artery, depth of the stenosis, yield stress, power law index, lead angle, frequency ratio, and pressure gradient on the physiologically important flow quantities such as plug core radius, plug flow velocity, velocity distribution, flow rate, wall shear stress, and longitudinal impedance to flow. second is converted into one time cycle in degree measure ranging 0
• -360
• . From Figure 1 b , it is noted that the angles of tapering ψ −0.1 and ψ 0.1 correspond to the converging and diverging of the arterial diameter in the downstream of the flow, respectively, while ψ 0 corresponds to the nontapered artery. • , δ P θ 0.1, e 0.5, B 1, φ α H α C 0.2, β n 0.95, and ω 1. It is observed that the plug core radius of the artery decreases rapidly with the increases of the axial variable z from 0 to 2.3 and then it increases slowly with the increase of z from 2.3 to 2.8 and then it decreases slowly with the increase of z from 2.8 to 3.2 and then it increases rapidly when z increases further from 3.2 to 3.5. One can see that for a given set of values of the parameters and for any angle of tapering ψ, the plug core radius of the two-fluid H-B model is considerably lower than that of the two-fluid Casson model. The variation of plug core radius with maximum depth of the stenosis for different values of the amplitude parameter b of the time dependent radius of the artery and two-fluid H-B and Casson fluid models with ψ −0.1, t 45
Plug Core Radius
• , δ P θ 0.1, B
1, e 0.5, φ α H α C 0.2, ω 1, z 2.3, and β n 0.95 is illustrated in Figure 3 . It is noted that for both of the two-fluid models, the plug core radius decreases slowly with the increase of the maximum depth of the stenosis. Figures 2 and 3 bring out the effect of angle of tapering, depth of the stenosis, and amplitude of the time dependent artery radius on the plug core radius of blood flow in a tapered artery with overlapping stenosis. θ of the blood, whereas for two-fluid Casson model, it decreases rapidly with the increase of the yield stress θ from 0 to 0.025 and then it decreases linearly when the yield stress θ increases further from 0.025 to 0.2. It is also found that for a given set of values of all the parameters, the plug flow velocity of blood is significantly higher when it is modeled by the two-fluid model rather than by the two-fluid Casson model, which means that the plug flow velocity of blood is linear and considerably higher when it is modeled by the two-fluid H-B model. It is noted that the plug flow velocity of blood increases considerably when the body acceleration parameter B increases and marginally when the angle of tapering ψ of the artery increases when all the other parameters were held constant.
Plug Flow Velocity
The plug flow velocity in a time cycle for the two-fluid H-B and Casson models and different values of the parameters n, b, and β with t 60
• , δ P θ 0.1, e 0.5, z 2.3, φ α H α C 0.2, ω 1, and ψ −0.1 is depicted in Figure 5 . It is found that for the two-fluid H-B model, the plug flow velocity decreases very rapidly when the time variable t increases from 0 • to 120
• and then it increases slowly when t increases from 120 • to 180
• and then it decreases slowly when t increases from 180
• to 210
• and then it increases very rapidly when t increases further from 210
• to 360
• . But, for the two-fluid Casson model, its plug flow velocity decreases rapidly when the time variable t increases from 0
• to 90
• and then it increases very slowly when t increases from 90
• to 120
• and then it decreases very slowly when t increases from 120
• to 180
• and then it increases very slowly when t increases from 180 • to 210
• and then it decreases very slowly when t increases from 210
• to 240
• then it increases rapidly when t increases further from 240
• . It is observed that for the fixed value of the parameter b of the time dependent artery radius, the plug flow velocity decreases slightly with the increase of either the power law index n or the peripheral layer thickness. On the other hand, the plug flow velocity decreases considerably with the increase of the amplitude parameter b of the time-dependent artery radius when all the other parameters are kept as invariables. Figures  4 and 5 bring out the effect of body acceleration, angle of tapering, peripheral layer thickness, yield stress and power law index on the plug flow velocity of blood in a tapered narrow artery with mild overlapping stenosis. 
Velocity Distribution
Flow Rate
The variation of flow rate with pressure gradient ratio for two-fluid H-B and Casson models and different values of B and ψ with t 45
2, and z 2.3 is sketched in Figure 7 . It is clear that the flow rate of blood increases linearly with the increase of the pressure gradient when blood is modeled by either of these two-fluid models. But, for a given set of values of the parameters, the flow rate of two-fluid H-B model is significantly higher than that of the two-fluid Casson model. It is also noticed that for a given set of values of the parameters, the flow rate increases with the increase of either the body acceleration B or angle of tapering ψ. But, the increase in the flow rate is significant when the body acceleration parameter B increases and marginal when the angle of tapering ψ increases. Figure 8 illustrates the variation of flow rate with yield 
2, and z 2.3. It is seen that the flow rate of blood decreases very slowly with the increase of the yield stress θ when blood is represented by two-fluid H-B model, whereas the flow rate of blood decreases significantly with the increase of the yield stress θ from 0 to 0.025 and then it decreases slowly with the increase of the yield stress from 0.025 to 0.2. Also, it is observed that the flow rate of blood increases considerably with the increase of the peripheral layer thickness and the amplitude parameter b of the time dependent artery radius. Figures 7 and 8 spell out the effect of peripheral layer thickness, angle of tapering, and body acceleration on the flow rate of blood when it is flowing through a tapered artery with mild constriction. Figure 9 depicts the variation of wall shear stress with frequency ratio for two-fluid H-B and Casson models and different values of φ and b with t 60
Wall Shear Stress
• , B 1, ψ −0.1, β n 0.95, δ P 0.1, α α H α C 0.2, and z 2.3. It is found that the wall shear stress decreases slowly when the frequency ratio ω increases from 0 to 0.2 and then it decreases rapidly nonlinearly when the frequency ratio ω increases further from 0.2 to 1. It is also clear that the wall shear stress in blood flow increases considerably with the increase of the amplitude b of the time dependent artery radius when the lead angle is fixed. On the other hand, the wall shear stress in blood flow decreases significantly with the increase of the lead angle φ when all the other parameters were held constant. One can observe that the wall shear stress of two-fluid H-B model is slightly lower than that of the two-fluid Casson model.
Longitudinal Impedance to Flow
The variation of the longitudinal impedance to flow with axial distance for two-fluid H-B and Casson models and different values of B and ψ with β n 0.95, θ δ P 0.1, t 60 • , φ α α H α C 0.2, and b 0.1 is illustrated in Figure 10 . It is observed that the longitudinal impedance to blood flow increases rapidly when the axial variable z increases from 2 to 2.3 and then it decreases slowly with the increase of z from 2.3 to 2.8 and then it increases slowly when z increases from 2.8 to 3.2 and then it decreases rapidly when the axial variable z increases further from 3.2 to 3.5. One can notice that for a given set of values of the parameters, the longitudinal impedance to flow of the two-fluid H-B model is significantly lower than that of the two-fluid Casson model. It is also found that the longitudinal impedance of the blood flow with body acceleration is considerably lower when compared to the longitudinal impedance of the blood flow without body acceleration, meaning that the presence of body acceleration in blood flow considerably reduces the impedance to flow. It is clear that the longitudinal impedance to blood flow decreases with the increase of the angle of tapering of the artery. Figure 11 Table 1 . It is observed that the estimates of the increase in the longitudinal impedance to blood flow increase slowly with the increase of the maximum depth of the stenosis and they decrease very slowly with the increase of the angle of tapering of the artery. It is also recorded that the estimates of the increase in the longitudinal impedance to flow of the two-fluid H-B model are marginally lower than those of the two-fluid Casson model.
Some Possible Clinical Applications
To discuss on some possible clinical applications of this study, the physiological data for different types of arteries, their corresponding radii, and steady and pulsatile pressure gradient values reported by Chaturani and Issac 20 are given in Table 2 and are used in this part of study. For this clinical data given in Table 2 , the estimates of the mean velocity for two-fluid H-B and Casson models and different values of m and B with t 60
• , β n 0.95, z 2.3, θ δ P 0.1, φ α α H α C 0.2, e 0.5, ω 1, and b 0.1 are computed in Table 3 . It is noted that the mean velocity of blood decreases significantly with the increase of the artery radius except in the arterioles and it increases considerably with the increase of the angle of tapering. It is also observed that the mean velocity of blood increases significantly with the increase of the body acceleration. From Tables 3 a and For the clinical data given in Table 2 , the estimates of mean flow rate for the two-fluid H-B and Casson models and different values of m and B with t 60
• , β n 0.95, z 2.3, θ δ P 0.1, φ α α H α C 0.2, e 0.5, ω 1, and b 0.1 are computed in Table 4 . It is found that the mean flow rate of blood increases very significantly with the increase of the artery radius and it increases considerably with the increase of the angle of tapering. One can also note that the mean flow rate of blood increases significantly with the increase of the body acceleration. From Tables 4 a and 
Conclusions
The present comparative analysis brings out several useful rheological properties of blood when it flows through narrow tapered arteries with mild overlapping time-dependent stenosis in the presence of external periodic body acceleration, treating it as i two-fluid H-B model and ii two-fluid Casson model. Some major findings of this mathematical analysis which reveal in blood flow modeling, the advantages of treating blood as two-fluid H-B model rather than two-fluid Casson model, are summarized below. iii The estimates of the mean velocity and mean flow rate of the two-fluid H-B model are considerably higher than those of the two-fluid Casson model. On the other hand, the following similarities are noticed when modeling blood by either of these two models.
iv The plug core radius and longitudinal impedance to flow increases with the increase of the maximum depth of the stenosis.
v When the angle of tapering increases, the plug flow velocity and flow rate increase and the longitudinal impedance to flow decreases.
vi The estimates of the mean velocity and mean flow rate increase considerably with the increase of the body acceleration and this behavior is reversed when the maximum depth of the overlapping stenosis increases.
From the results discussed, one can observe that there is substantial difference between the flow quantities of two-fluid H-B model and two-fluid Casson model, and thus it is expected that the use of two-fluid H-B fluid for blood flow in diseased artery may provide better results which may be useful to physicians in predicting the effects of periodic body accelerations and maximum depth of the stenosis in the artery on the physiologically important flow quantities. Also, the results of this study may provide some useful information to surgeons to take some crucial decisions regarding the treatment of patients, whether the cardiovascular disease can be treated with medicines or should the patient undergo a surgery. Hence, it is concluded that the present study can be considered as an improvement in the mathematical modeling of blood flow in narrow tapered arteries with mild overlapping stenosis under periodic body accelerations.
Nomenclature r:
Radial distance r:
Dimensionless radial distance z:
Axial distance z:
Dimensionless axial distance n:
Power law index p: Pressure p:
Dimensionless pressure P :
Dimensionless pressure gradient Q:
Dimensionless flow rate R 0 : Radius of the normal artery R z : Radius of the artery in the stenosed region R z : Dimensionless radius of the artery in the stenosed region 
